In this paper, we determine the two normalized Laplacian spectrum of generalized subdivisionvertex corona, subdivision-edge corona for a connected regular graph with an arbitrary regular graph in terms of their normalized Laplacian eigenvalues. Moreover, applying these results, we find some non-regular normaliaed Laplacian cospectral graphs. These results generalize the existing results in [11] .
Introduction
Spectral graph theory has an important role in determining some structure and principal properties of a graph from its spectra. There are several kinds of spectrum associated with a graph, for example, adjacency spectrum, Laplacian spectrum, signless Laplacian spectrum, normalized Laplacian spectrum etc. Normalized Laplacian spectrum determines the bipartiteness from the largest eigenvalue and the number of connected components from the second smallest eigenvalue [1] . Many researches have worked on the normalized Laplacian spectrum of some graphs, the reader is referred to ([4] , [5] , [6] − [12] ).
Let G be a simple and connected graph with vertex set V (G) and E(G). Let d i be the degree of vertex i in G and D G = diag(d 1 , d 2 , · · · d |V (G)| ) the diagonal matrix with all vertex degrees of G as its diagonal entries. For a graph G, let A G and B G denote the adjacency matrix and vertex-edge incidence matrix of G, respectively. The matrix L G = D G − A G is called the Laplacian matrix of G, where D G is the diagonal matrix of vertex degrees of G. F. Chung [1] introduced the normalized Laplacian matrix of a graph G, denoted by L(G). It is defined to be L(G) = I − D (1)The generalized subdivision-vertex corona [9] of G and H i for i = 1, 2, ..., n, denoted by ℑ(G)⊙∧ n i=1 H i , is the graph obtained from S(G) and H i by joining the ith vertex of V (G) to every vertex in H i . The graph ℑ(G)⊙ ∧ n i=1 H i has n + n i=1 t i + m vertices and 2m +
(2) The generalized subdivision-edge corona of G and
is the graph obtained from S(G) and H i by joining the ith vertex of I(G) to every vertex in
Many researches have worked on the normalized Laplacian spectrum of some graphs. In [10] , Chen and Liao determined the normalized Laplacian spectrum of corona and edge corona of two graphs. In [11, 12] , Das and P anigrahi found the normalized Laplacian spectrum of some corona and subdivision-coronas of two regular graphs. Motivated by these works, here we determine the normalized Laplacian spectrum of generalized subdivision-vertex corona and subdivision-edge corona of two regular graph.
To prove our results, we need the following matrix products and few results on them. For two matrices A and B, of same size m × n, the Hadamard product A • B of A and B is a matrix of the same size m × n with entries given by (A • B) ij = (A) ij · (B) ij (entrywise multiplication). Hadamard product is commutive, that is A • B = B • A. The line graph [13] of a graph G is the graph G, whose vertices are the edges of G and two vertices of l(G) are adjacent if and only if they are incident on a common vertex in G. It is well known [8] 
Our results
In this section, we focus on determing the normalized Laplacian spectrum of generalized subdivision-vertex corona, subdivision-edge corona whenever G and H i (i = 1, 2, . . . n) are respectively r-regular and r i (i = 1, 2, . . . , n)-regular graph in terms of Hadamard product of matrices.
Theorem 2.1 Let G be an r-regular graph with n vertices and m edges, let H i be an r i -regular graph with t i vertices for i = 1, 2, ..., n. Then we have the following:
where C, M and T ′ equal (2.1),(2.2)and (2.3), respectively.
(2)
where C, M and T ′ equal (2.4),(2.5)and (2.6), respectively.
Proof (1) Let R(G) be the incidence matrix of G. The degree matrix and adjacency matrix of
By computation, we have
where
(2) With the similar computation. The degree matrix and adjacency matrix of
Notation Let G be a graph on n vertices, B and C be matrices of size n × n and n × 1, respectively. For any parameter x, we have the notation:
We note that the notation is similar to the notation coronal which was introduced by Mcleman and McNicholas [14] . 
Proof Let R(G) be the incidence matrix of G. With a suitable labeling for vertices, the Normalized Laplacian characteristic polynomial of
where C, M and T ′ equal (2.1),(2.2)and (2.3), respectively, and
It is well known that R(G)R T (G) = A(G) + rI n and A(G)
Therefore,
Since H i (i = 1, 2, . . . , n) is regular, the sum of all entries on evergy row of its normalized Laplacian matrix is zero. That means L(
Thus, if δ ij (i = 1, 2, . . . , n, j = 1, 2, . . . , t i ) is an eigenvalue of L(H i )(i = 1, 2, . . . , n) and µ i is an eigenvalue of L(G), then
with multiplicity n for j = 2, 3, . . . , t i . 1, 2, . .., m. Then the normalized Laplacian spectrum of
(1) The eigenvalue 1+r i δ ij r i +1 with multiplicity n, for every eigenvalue
.
Hence,
Since H i is regular, the sum of all entries on every row of its normalized Laplacian matrix is zero. That means L(
Thus, if δ ij is an eigenvalue of L(H i ) and µ i is an eigenvalue of L(G), then
H i with multiplicity m for j = 2, 3, . . . , t i . By applying Theorem 2.2, we construct non-regular L-cospectral using generalized subdivisionvertex corona and subdivision-edge corona. In this paper, we determine the two normalized Laplacian spectrum of generalized subdivision-vertex corona, subdivision-edge corona for a connected regular graph with an arbitrary regular graph in terms of their normalized Laplacian eigenvalues.These results generalize the existing results in [11] .
